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Abstract By using of the Lewis-Riesenfeld invariant theory, dynamical and geometric
phases of Bose-Einstein condensates are studied. The Aharonov-Anandan phase is also ob-
tained under the cyclical evolution.
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1 Introduction

Recently, much attention has been paid to the investigation of Bose-Einstein condensation
(BEC) in dilute and ultracold gases of neutral alkali-metal atoms using a combination of
laser and evaporative cooling [1-3] due to the optical properties [4, 5], statistical properties
[6, 7], phase properties [8, 9], and tunneling effect [10—18].

As we known that the quantum invariant theory proposed by Lewis and Riesenfeld [19]
is a powerful tool for treating systems with time-dependent Hamiltonians. It was general-
ized in [20] by introducing the concept of basic invariants and used to study the geometric
phases [21, 22] in connection with the exact solutions of the corresponding time-dependent
Schrodinger equations. The discovery of Berry’s phase is not only a breakthrough in the
older theory of quantum adiabatic approximations [23, 24], but also provides us with new
insights in many physical phenomena. The concept of Berry’s phase has developed in some
different directions [25-32]. In this paper, by using of the Lewis-Riesenfeld invariant theory,
we shall study dynamical and the geometric phases of Bose-Einstein condensates.
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2 Model

The two internal states of the BEC are coupled by a near resonant pulsed radiation field [33].
Total density and mean phase remain constant during the condensate evolution, then Hamil-
tonian describing the transition between the two internal states reads [34]

H=p(aa) —alay) + glala) — ajay)* + K87 (1) (a}ay + alay), 4))

where K is the coupling strength between the two internal states, g is the interaction, and
1 is the difference between the chemical potentials of two components. a; (a;') i=1,2)
are boson annihilation (creation) operators for the two components. §7(1) = >, 8(t —nT)
means that the radiation field is only turned on at certain discrete moments, namely, integral
multiples of the period 7.

3 Dynamical and Geometric Phases of Bose-Einstein Condensates

For self-consistent, we first illustrate the Lewis-Riesenfeld (L-R) invariant theory [19]. For
a one-dimensional system whose Hamiltonian H (¢) is time-dependent, then there exists an
operator [ (¢) called invariant if it satisfies the equation

a
ﬁ-HI(I) H@®)]=0 (©))

The eigenvalue equation of the time-dependent invariant |A,, ¢) is given

T An, 1) = Anlhn, 1), 3)
where adA” = 0. The time-dependent Schrodinger equation for this system is
AP (0)s
IT=H(I)IW(t))s- )

According to the L-R invariant theory, the particular solution |A,, t); of (4) is different
from the eigenfunction |A,, ¢) of 1(¢) only by a phase factor exp[i§, (¢)], i.e

|)"nat)s :eXP[isn(I)]p\nJ)’ (5)

which shows that [A,, #)s (n =1,2,...) forms a complete set of the solutions of (4). Then
the general solution of the Schrodinger equation (4) can be written by

W (0)s =) Coexplid, (D]1A, 1), (6)

8,(1) = / dt/<k,l, t t’>, @)
0

and C,, = <}"n’ Ohﬁ(o))s )
It is easy to find that 7, (t) = N12 + sz + 2NN, (where N; = a,-Tai fori =1,2)is a spe-
cial invariant of this system and satisfies I ®)|m)a,In)ay = Anlm)a, In)q,, where alTal [m)q,

where

; 0 H(t)|r
i— —
at’

=ml|m)g,, a;a2|n)u2 =nln)4,, and A, = m? +n® 4+ 2mn.
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In the following, we can restrict the space being in the sub-space of the eigenstate of the
invariant /; (). Corresponding, /;(¢) appearing in (1) can be replaced by its eigenvalue A,,,,.
Correspondingly, (1) becomes

H = p(ajay — alay) + ghp, + K87(1) (@ ay + ajay) — dgalara}a,. ®)

In order to obtain the exact solutions of (4), we can define operators K, K_ and K as
follows:

Ki=aa, K_ :agal, Ko:afal —a;az, )
which hold the commutation relations
[Ko, Ki]==£2K, [K+, K_]1= Ko, (10)
it is easy to prove that operators K, K_ and K together with the Hamiltonian H construct
a quasi-algebra.
Then we can get the L-R invariant as follows

L(t) =cosOKy— e ?sin0K, —e'?sin0K_, (11)

it is apparent that [I,(¢), [,(t)] = 0. Here # and ¢ are determined by the equation
idlr(t)/0t + [1>(¢), H(t)] =0, and satisfy the relations

6 =4K87(t)sing, (12)
@sinfsing — 6 cosd cosg — 2usinf sing =0, (13)
2K87(t)cos6 +2usinf cosp — @ sinf cos g — 6 cos6 sing =0, (14)

where dot denotes the time derivative, and we have adopted an approximation, i.e., N1 > 1,
N> > 1,and N; &~ N,.

According to the unitary transformation method, we can construct the unitary transfor-
mation

V(t)=exploKy —0"K_], (15)

where o = %e‘”" and o* = %ei‘”. The invariant /5(¢) can be transformed into a new time-

independent operator Iy :
Iy =V LOV () = K. (16)
Correspondingly, we can get the eigenvalue equation of operator /()
Iy|m)a,In)a, = (m —m)lm)a, In)ay. (17)

In terms of the unitary transformation V(¢) and the Baker-Campbell-Hausdorff for-
mula [35]

V.;_(t)E)V(t)_BL_i_I 8LL +1 aLL . +1 aLL s
ar  ar 2! ar’ Lo’ ) 4 ar’ T ’

(18)
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where V (¢) = exp[L ()], one has

aV(t)

Hy®)=VIOHOV@) —iVi@) o

+l in?6 |
= — Sin mn
§T5

1 .
+ I:MCOSH — Ké7(t)sinf cosp — 3 sin® @ + %(1 - cos@)]a?al

| .
— I:/LCOSQ — Ké7(t)sinf cosp + 3 sin 6 + g(l — cos@)]a;az
+2-3 sin29)a1ra1a§a2,

where A, is the eigenvalue of operator /;(¢) given above. In (19), we have let the coeffi-
cients of afaz and a,a; equal to zero under the following conditions

0 0
usiné cosgp + Kér(t) (cos2 3~ sin’ 5 cos 2(p> =0, (19)

0
K87 (1) sin? 5 sin2¢ — pusinfsing = 0. (20)

It is easy to find that H (¢) differs from Iy only by a time-dependent c-number factor.
Thus we can get the general solution of the time-dependent Schrodinger equation (4)

WD) =Y ComexpliSum DIV (1) m)a, 1)y 1)

n m

with the coefficients C,,, = (n,m,t = 0|W(0)),. The phase §,,,(t) = 85,” (t) + 85, (2) in-
cludes the dynamical phase

! 1 g 1
(Sfm (r) = —m/ |:u cost — Ké7(t)sinf cosgp — 3 sin29i|dl/ — / <g + 3 sin’ Q)Amndt’
5} fo

t 1 t
+ n/ |:MCOSQ — K687 (t)sinf cos ¢ + 3 sin20]dt/ - mn/ (2 — 3sin®0)dt’,
fo

fo

(22)
and the geometric phase
' @
88, () = / (n— m)E(l —cosf)dt'. (23)
1
Particularly, the geometric phase becomes under the cyclical evolution
) 1
88, (1) = 3 f(n —m)(1 —cosh)dy, (24)

which is the known geometric Aharonov-Anandan phase.
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4 Conclusions

In conclusion, by using of the L-R invariant theory, we have studied phases of Bose-Einstein
condensates, dynamical and geometric phases are presented respectively. The Aharonov-
Anandan phase is obtained under the cyclical evolution.
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